Strong coupling of semiconductor spin qubits to superconducting microwave cavities was recently demonstrated [1] [2] [3] [4] . These breakthroughs pave the way for quantum information processing that combines the long coherence times of solid-state spin qubits with the long-distance connectivity, fast control, and fast high-fidelity quantum-non-demolition readout of existing superconducting qubit implementations. Here, we theoretically analyze and optimize the dispersive readout of a single spin in a semiconductor double quantum dot (DQD) coupled to a microwave cavity via its electric dipole moment. The strong spin-photon coupling arises from the motion of the electron spin in a local magnetic field gradient. We calculate the signal-to-noise ratio (SNR) of the readout accounting for both Purcell spin relaxation and spin relaxation arising from intrinsic electric noise within the semiconductor. We express the maximum achievable SNR in terms of the cooperativity associated with these two dissipation processes. We find that while the cooperativity increases with the strength of the dipole coupling between the DQD and the cavity, it does not depend on the strength of the magnetic field gradient. We then optimize the SNR as a function of experimentally tunable DQD parameters. We identify wide regions of parameter space where the unwanted backaction of the cavity photons on the qubit is small. Moreover, we find that the coupling of the cavity to other DQD transitions can enhance the SNR by at least a factor of two, a 'straddling' effect 5-8 that occurs only at non-zero energy detuning of the DQD potential well. We estimate that with current technology, single-shot readout fidelities in the range 82% − 95% can be achieved within a few µs of readout time without requiring the use of Purcell filters.
I. INTRODUCTION
Spins in the solid state have long been hailed as a promising platform for quantum information processing 9, 10 . Indeed, their isolation from their electric environment and, in the case of isotopically-purified silicon, from their magnetic environment, can lead to significantly enhanced coherence times compared to other implementations [11] [12] [13] [14] [15] [16] . Such long coherence times enable high-fidelity control which, combined with the ability to perform single-shot qubit readout [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] , makes spins in the solid state a natural choice for scalable quantum technologies. The appeal of solid-state spins has recently been further increased by the successful experimental demonstration of strong coupling between spins and superconducting microwave cavities [1] [2] [3] [4] [31] [32] [33] . Strong coupling between spins and microwave photons could allow spin qubits to benefit from, among other things, the long-distance connectivity [34] [35] [36] [37] , fast and high-fidelity control [38] [39] [40] [41] [42] , and high-fidelity quantum-non-demolition readout [43] [44] [45] [46] [47] [48] which have so far been successfully achieved in superconducting qubit implementations 49 .
The cavity-assisted dispersive readout of a single solidstate spin qubit, in particular, has already been demonstrated, although not in the single-shot regime 1 . For important applications such as quantum error correction and feedback control of quantum states, however, it is desirable to be able to perform quantum-non-demolition readout of the spin state in a single-shot and with high fidelity. Due to the inherent difficulty in achieving strong spin-photon coupling, however, performing a fast and high-fidelity single-shot readout is likely to prove more challenging than for superconducting qubits. While Hamiltonian engineering methods have been proposed to circumvent weak-coupling limitations, they often require real-time control of the coupling strength 50 which might not be readily available in all devices and further adds a layer of complexity to the readout. Similarly, the use of auxiliary cavity modes has also been proposed to relax the constraints of strong coupling, but such a scheme relies on the engineering of spectrally close pairs of modes in multi-dimensional cavities 51 . Recent work has proposed to circumvent weak electric dipole moments in multi-electron quantum dots by instead coupling the cavity field to the quantum capacitance of the qubit energy dispersion 52 , but this technique may require parametric driving of the qubit to achieve strong dispersive coupling. As spin qubit devices enter the strong spin-photon coupling regime, therefore, it is of great interest to optimize the performance of the standard cavity-assisted dispersive readout, which has been so widely and successfully used in the context of superconducting qubits.
In this work, we theoretically optimize the performance of the dispersive readout of a spin qubit assisted by a single mode of a microwave cavity. We focus on the case of a single electron spin in a double quantum dot (DQD), where the orbital and spin degrees of freedom are hybridized using a transverse magnetic field gradient [53] [54] [55] [56] [57] [58] . This simple setup has already entered the strong spinphoton coupling regime through a combination of a large DQD electric dipole moment, a large magnetic field gradient, and a high-impedance cavity 1, 3 . We derive an expression for the maximum signal-to-noise ratio (SNR) achievable for dispersive spin readout in these devices. We account for the intrinsic relaxation of the spin due to coupling of the semiconductor environment to the electric dipole of the electron, such as relaxation via emission of a phonon. In particular, we show that the maximum achievable SNR is directly proportional to the cooperativity associated with the Purcell spin relaxation and the intrinsic spin relaxation. Interestingly, we show that the cooperativity does not depend on the strength of the magnetic field gradient for these dissipation processes. This means that while increasing the field gradient reduces the readout time, it does not improve the maximum achievable SNR. We then describe how to choose the tunable parameters of the DQD in order to achieve an optimal SNR. Our systematic analysis of transitioninducing terms in the dispersive Hamiltonian enables us to identify regions of parameter space where the deleterious backaction of the cavity photons on the qubit state is small. Furthermore, we find that there can be flexibility in the choice of parameters for a given SNR, freeing the parameter space for the optimization of other qubit performance metrics. We also find that at non-zero energy detuning of the DQD double well, the SNR can be enhanced by at least a factor of two due to the existence of a so-called 'straddling regime' [5] [6] [7] [8] arising from the coupling of the cavity to transitions that simultaneously change the molecular wavefunction and the spin. Our analysis shows that the single-shot readout regime is well within reach of current technology. The achievable single-shot readout fidelities range from 82% − 95% with the help of quantum limited amplifiers, but without requiring the use of Purcell filters. Our work provides the theoretical framework to achieve fast, high-fidelity, quantum-nondemolition readout of single solid-state spins in the near future.
This paper is structured as follows. In Sec. II, a model of the DQD and its coupling to the cavity is introduced. Sec. III discusses the dispersive approximation as well as the dispersive Hamiltonian for the DQD. In Sec. IV, the SNR is defined and the performance of the dispersive readout is theoretically optimized. Moreover, single-shot readout fidelity estimates are given for the experimental parameters of Ref. 1 . The results are summarized in Sec. V.
II. SYSTEM AND MODEL
A. Hamiltonian
Double-quantum-dot Hamiltonian
We consider a DQD formed from two quantum wells separated by a distance 2d, as depicted in Fig. 1(a) . The two lowest-energy orbitals of the right and left quantum wells are labeled R and L , respectively, with corresponding energies R and L . The energy detuning between the right and left orbitals is = R − L , and the tunnel coupling between them is t c > 0. Moreover, a uniform longitudinal magnetic field is applied along the axis of the quantum dot (the z axis). This induces a Zeeman energy splitting γ e B z of the electronic spin states ↑ and ↓ , where γ e is the electron gyromagnetic ratio. In addition, a transverse position-dependent magnetic field B x (z) is applied along the x axis using, e.g., a proximal micromagnet. As the electron moves across the DQD, it therefore experiences a magnetic field variation of order
This hybridizes the spin and charge degrees of freedom, enabling electrical control and readout of the spin. In the following, we set = 1 and γ e = 1. The resulting DQD Hamiltonian is
In Eq. (1), H m is the molecular Hamiltonian of the DQD and H Z is the Zeeman Hamiltonian. Moreover, the τ i are the Pauli matrices in the R , L basis and the σ i are the Pauli matrices in the ↑ , ↓ basis. It is also convenient to introduce the eigenstates ± of the molecular Hamiltonian H m . They satisfy H m ± = ± Ω 2 ± , where Ω = (2t c ) 2 + 2 = 2t c sec θ is the molecular energy gap and where θ = arctan ( /2t c ) is the molecular mixing angle. Note that the description of electronic motion in terms of the two lowest energy orbitals is only valid in the limit where Ω is much smaller than the single-dot orbital splitting, whether it originates from confinement or from valley splitting.
Double-quantum-dot-cavity interaction
The electric field of the cavity couples directly to the electric dipole moment of the electron, as shown schematically in Fig. 1(b) . Due to the interaction of the spin and orbit degrees of freedom in Eq. (1), the cavity photons can drive spin transitions. The Hamiltonian of the combined cavity and DQD system is
In Eq. (2), H c is the free Hamiltonian for a single mode of the cavity, V is the dipole interaction Hamiltonian between the electron and the cavity, and a annihilates a photon in the cavity. The resonance frequency of the cavity is ω c > 0 and the strength of the dipole coupling is g c .
Probe-cavity interaction
We assume that the cavity can be probed through two input ports, which we label port 1 and port 2. This is depicted in Fig. 1(b) . Photons can leak in and out of the cavity 59 through the i th port at rate κ i , resulting in a total leakage rate κ = i κ i . Accordingly, the cavity can be populated with photons by irradiating the input ports at frequency ω in ≈ ω c . Under this near-resonance condition, we may describe the interaction of the input radiation with the cavity in the rotating-wave approximation:
The quantum input fields b in i (t) in Eq. (3) are the ones derived in the input-output theory of Gardiner and Collett 60 . They consist of a classical drive β in i (t) with added noise. More precisely, we have
Here, we assume that the noise is Gaussian and white 61 . In the absence of squeezing of the inputs, the moments of δb
In Eq. (5),N is the average number of thermal noise photons 62 at frequency ω in , which we assume to be the same for both ports. ForN = 0, the noise in the input field arises purely from vacuum fluctuations.
The output fields b out i (t) are given by the input-output relations:
The noise in the output field is in general not white because it inherits the temporal correlations in the dynamics of the cavity and DQD. When the system reaches a steady state, however, the output noise is white with the same moments as in Eq. (5) 63 . We assume that b out i (t) is sent through a phase-preserving amplifier and then measured with the help of a homodyne detector 64 whose local oscillator has phase ϕ. The detector records a photocurrent
iϕ is the ϕ-quadrature of the output field. The autocorrelation function of the photocurrent noise in the steady-state is then
Here, N hom =N + N amp is the total noise in the homodyne signal accounting for the N amp effective noise photons added in the amplification chain. It follows from Eq. (7) that a given quadrature of b out i (t) integrated over a time interval t is determined with precision
Here, R = 4/(2N hom + 1) is the rate of change of the inverse noise variance. In the following, we assume that the input noise is limited by vacuum fluctuations,N 1.
B. Double-quantum-dot eigenbasis and spin qubit
The DQD Hamiltonian, Eq. (1), can be diagonalized exactly as detailed in Appendix A. Expressed in its eigenbasis, the Hamiltonian H d takes the form
where the τ i and the σ i are now Pauli matrices in the eigenbasis |τ z ; σ z of H d dressed by the field gradient.
Here, τ z = ± labels the dressed 'molecular-like' states and σ z =↑ (↓) labels the dressed 'spin-like' states 65 . Exact expressions for the 'molecular-like' and 'spin-like' Larmour frequencies E m and E s are derived in Appendix A. The energy-level diagram of the DQD is illustrated in Fig. 2 , where we have also introduced the transition frequencies E ± = E m ± E s . In the following, we consider the spin qubit formed from the two dressed 'spin-like' eigenstates spanning the molecular ground state. Specifically, we choose the computational basis {|1 , |0 } = {|−; ↑ , |−; ↓ }. Despite their spinlike character, the electric dipole matrix element between these two states is finite and transitions between them can be induced electrically. In particular, the DQDcavity interaction of Eq. (2) is written in the new basis as
Here, {g m , g s , g + , g − } are the coupling strengths of the cavity to the DQD transitions of frequencies Fig. 2 . In addition, g mp and g sp are couplings arising from the finite DC electric polarizabilities of the molecular electric dipole and of the spin, respectively. Exact expressions for the g i are given in Appendix A. In Eq. (10), the term g s τ z σ x (a + a † ) exchanges energy between the cavity and the spin qubit. It can thus be exploited for cavity-assisted qubit control and readout. As will be discussed in Sec. IV F, the couplings g ± of the cavity to the transitions of frequencies E ± can also be harnessed to improve readout performance.
In the remainder of this article, we focus on the limit of weak field gradient. In particular, we assume that the direction of the spin quantization axis is not substantially modified by the presence of the field gradient, |b x sin θ| |B z |. Moreover, we assume that the admixture of spin and orbit is weak, |b x cos θ| min (|Ω − B z |, |Ω + B z |). Under these conditions, the dressed molecular and spin Larmour frequencies are
whereφ π/2 is the effective spin-orbit mixing angle arising from the field gradient. Approximate expressions may also be obtained for the couplings g i . In particular, the molecular-photon coupling g m and spin-photon coupling g s become
III. DISPERSIVE HAMILTONIAN
A. Dispersive limit
Dispersive readout of the spin is performed by probing the cavity near its resonance frequency, ω in ≈ ω c , and observing the spin-dependent phase of the output field. For many quantum information processing tasks, it is highly desirable that the readout perturbs the system as little as possible. To minimize such unwanted backaction on the system, we work in the so-called dispersive limit. In that limit, all DQD-cavity interaction terms in Eq. (10) are detuned from the cavity frequency. More precisely, achieving the dispersive limit requires that the dimensionless parameters
are small, i.e., |η j | 1 and |η j | 1 for all couplings g j in Eq. (10) (see Appendix B for details). We also require that κ |ω c − E j |. Note that although the above conditions are necessary in order to be in the dispersive limit, they are not sufficient. It is also required that the average number of photons n ≈ 4κ i |β in i | 2 /κ 2 entering the cavity from port i remains smaller than the critical photon number n c,j ≈ max |η j |, |η j | −2 /4 for all couplings g j in Eq. (10) . In particular, this ensures that the probability of probe-induced transitions between the various system eigenstates remains small 49 . In the dispersive limit, the Hamiltonian, Eq. (2), can be diagonalized to first order in g c using a Schrieffer-Wolff transformation. The resulting dispersive Hamiltonian for the DQD-cavity interaction is derived in Appendix B and has the form
Here, H 0 = H d + H c is the free Hamiltonian. The interaction is separated into a dispersive part V dis that commutes with H 0 and a transition-inducing part V tr that does not commute with H 0 . The dispersive interaction has the form:
Here, χ m τ z and χ s σ z are the dispersive energy shifts of the cavity frequency due to coupling with the molecular electric dipole and the spin, respectively. In addition, −χ 0 τ z σ z /2 is an Ising-like dispersive interaction between the molecular electric dipole and the spin. Expressions for χ m , χ s , and χ 0 are given in Appendix B. As discussed in Sec. III B, the spin dispersive shift, χ s σ z , may be exploited for dispersive readout of the spin. Contrary to the dispersive interaction, the off-diagonal term V tr induces transitions between the eigenstates of H 0 . Specifically, V tr can generate all the DQD transitions of Fig. 2 via the exchange of either 0 or 2 photons with the cavity. As discussed in Appendix B, the magnitude of the interaction terms is set by the elements of the dispersive tensors χ j,k = g j η k and χ j,k = g j η k . For the transition term to be neglected, it is therefore sufficient that all such tensor elements are smaller than ω c , |E j |, and |2ω c ± E j | for all j (a concrete example is given in Appendix C). These conditions are typically satisfied in the dispersive limit and we will therefore ignore the transition term in the following analysis until it is stated otherwise.
B. Effective spin qubit Hamiltonian
In the absence of photon-induced DQD transitions, the dispersive Hamiltonian, Eq. (15), may safely be projected into the logical subspace of the spin qubit to obtain an effective dispersive Hamiltonian for the spin qubit, in the form (up to an irrelevant constant):
Here, ω c = ω c + χ m and E s = E s + χ 0 are renormalized cavity and spin qubit frequencies, respectively. In addition, χ s σ z is the spin-state-dependent dispersive shift of the cavity frequency which enables dispersive readout. The full expression for the dispersive shift is
When the cavity is close to resonance with the spin transition but far detuned from E + and E − , the dispersive shift takes the more familiar form χ s ≈ g 2 s /∆, where ∆ = ω c − E s is the spin-cavity detuning. We will assume that this is the case for most of the analysis of Sec. IV. In Sec. IV F, however, we will see that the contributions in Eq. (17) can interfere constructively and thereby significantly improve readout performance. This mirrors the so-called 'straddling regime' of superconducting qubits [5] [6] [7] [8] . Finally, note that the renormalization of the cavity and spin frequencies are unimportant for the optimization of the dispersive readout. As discussed in Sec. IV B, the readout response only depends on the detuning between the probe frequency ω in and the renormalized cavity frequency ω c . Thus, the renormalization of the ω c can always be compensated by adjusting ω in . Moreover, inspection of the expression for χ 0 given in Appendix B shows that χ 0 χ s ∆ near the DQDcavity resonances. Therefore, the renormalization of the spin frequency may safely be neglected.
All operators appearing in Eq. (16), and in particular σ z , are dressed by the DQD-cavity interaction to first order in g c . Thus, the spin qubit we consider is in fact formed by the states {|−; ↑ , |−; ↓ } dressed by cavity photons. In the regime where both the cavity and the qubit are near-resonant with the probe, the effective driving Hamiltonian in the dressed basis takes the form
The second term enables the direct exchange of energy between the spin qubit and the cavity environment. In particular, the spin qubit may relax via the Purcell emission of a photon in the cavity ports (see Sec. IV C). Correspondingly, the input-output relation of Eq. (6) becomes
where the last term describes output radiation emitted by coherent spin oscillations. When performing dispersive readout, the detector is typically locked in to ω in ≈ ω c . Thus, the qubit emission is filtered out provided the detector bandwidth is smaller than the spin-cavity detuning |∆|. Even if this were not the case, the qubit necessarily loses all coherence as soon as the two qubit states can be distiguished due to the fundamental quantum backaction introduced by readout. We will therefore ignore the last term in what follows. The expectation values of the output fields are then given by
IV. DISPERSIVE READOUT OF THE SPIN QUBIT A. Equation of motion
We start our analysis of the dispersive readout by discussing the dynamics of the cavity. Throughout the remainder of the text, we work in the frame rotating with the probe frequency ω in . In this frame, the dispersive Hamiltonian of Eq. (16) takes the form
where δ c = ω c − ω in and δ s = E s − ω in are the detunings of the probe from the cavity and the spin qubit, respectively. The interaction of Eq. (18) 
The first term describes the dispersive motion of the cavity field, the second term describes cavity damping, the third term describes driving of the cavity through its ports, and the last term describes driving of the cavity by coherent oscillations of the spin qubit. This latter term contributes small oscillations of amplitude ∼ (κg s /∆ 2 ) σ − to the cavity field in the dispersive limit. Moreover, it vanishes as soon as the readout dephases the qubit. We therefore neglect it in what follows. The equation of motion for the expectation value of the cavity field becomeṡ
In order to analyze the readout performance, it is not necessary to solve Eq. (23) . Instead, we first consider the purely 'quantum-non-demolition' scenario in which σ z is a constant of motion, σ z (t) ≈ σ z (0). Although this assumption clearly cannot be exact due to, e.g., qubit relaxation, it leads to a simple and useful definition of the readout contrast.
Under the above assumption, we may substitute σ z = ±1 into Eq. (23) and obtaiṅ
. (24) Solving Eq. (24) and substituting the solution into Eq. (20) then yields the output field for each qubit state. We assume that the cavity is initially empty. It is then probed continuously through port 1 only, β in 1 (t) = β 0 and β in 2 (t) = 0. Finally, the output field is measured in port i. Typical trajectories for the transmitted output field are depicted in Fig. 3 . The relevant quantity for readout performance is the steady-state contrast ∆β
between the output fields corresponding to the two qubit states. Solving Eqs. (20) and (23) gives the squared magnitude of the contrast:
Here, n = 4κ 1 |β 0 | 2 /κ 2 is the number of steady-state photons in the cavity directly on resonance. The quantity D may be thus interpreted as the fraction of input photons that contribute to the readout contrast. We find
We choose the input frequency ω in to maximize the contrast of Eq. (26) . The optimal cavity-probe detuning is
At the optimum, Eq. (26) becomes a function D(x) of x = χ s /κ only:
C. Qubit relaxation
The assumption that the qubit state remains the same at all times is of course not physical. In practice, the qubit state necessarily relaxes on a time scale given by the inverse qubit relaxation rate γ −1 . We account for two distinct relaxation processes. The first is the Purcell relaxation via emission of a photon in the cavity environment. Under our assumptionN 1, this process occurs at the rate
The second process we consider is the relaxation due to electric fluctuations coupling to the electric dipole of the electron 66 , most notably relaxation with the emission of a phonon. Such relaxation processes have the general form
Here, γ m (E s ) is a molecular-electric-dipole relaxation rate which depends on the DQD parameters through the spin qubit frequency E s only. Moreover, the factor (g s /g c ) 2 accounts for the hybridization of the molecular electric dipole and the spin (see Appendix A). For dispersive readout, the spin frequency remains in the neighborhood of the cavity frequency, E s ≈ ω c . Thus, we set γ m ≈ γ m (ω c ) in what follows. Since these two relaxation processes are due to coupling with independent reservoirs, they can be added to leading order in g s . The total relaxation rate is then
Note that in order to read out the spin, it is necessary that the relaxation rate be smaller than the cavity leakage rate, γ κ.
D. Signal-to-noise ratio
Due to noise in the homodyne signal, Eq. (8), it is not possible to perfectly discriminate the output signals for the two qubit states in a finite time. Here, the readout time t is limited by the inverse qubit relaxation time γ −1 . Thus, the distinguishability of the two qubit states is characterized by the (power) SNR
Here, we have defined the measurement rate
To estimate the SNR and measurement rate, we first recall that the critical photon number of the spin transition is n c = ∆ 2 /4g 2 s . Moreover, we recall that g 2 s = χ s ∆. Using these expressions and Eqs. (25) and (31), Eqs. (32) and (33) are rewritten as
In Eq. (34), we defined the dimensionless parameters x = χ s /κ and y = ∆/κ and
Here, C is the cooperativity
We note that the cooperativity does not depend on the strength of the transverse magnetic field gradient b x hybridizing the electric dipole with the spin 67 . This is because the dispersive shift χ s , the Purcell relaxation rate γ pu , and the intrinsic relaxation rate γ el are all proportional to b 2 x . As a result, the maximum value of the SNR derived below, Eq. (38) , is also independent of b x .
The relevance of the SNR and measurement rate, Eq. (34), arises from the fact that they fully and monotonically determine the single-shot readout fidelity and the optimal readout time in the regime where the two states cannot be accurately discriminated in a time κ −1 . This is the case when γ r i < κ, i.e., 1 S i < κ/γ. In that regime, the single-shot readout fidelity F i (defined as the average probability of successful readout) and the optimal readout time t opt i are approximately given by [68] [69] [70] 
Thus, optimizing the SNR automatically optimizes the single-shot readout fidelity. Even though the values of the SNR discussed below are of order S i 1, we have verified that Eq. (37) gives estimates similar to those obtained with a more detailed analysis [68] [69] [70] .
Note that when r i > κ and S i > κ/γ (see the region enclosed by the dashed black line in Fig. 4) , the transient behavior depicted in Fig. 3 becomes important when estimating the fidelity. In that regime, Eq. (37) must be modified. The effect of such transient behavior can be taken into account within the theory of matched filtering 28, 71, 72 . Also note that the infidelity 1 − F i is proportional to the probability ∼ γt opt i of the qubit relaxing within time t opt i . It follows that for a readout time t = t opt i , it is necessary to have a high SNR, S i 1, in order to have a quantum-non-demolition readout, σ z (t opt i ) ≈ σ z (0).
E. Optimization of the dispersive parameters
We now turn our attention to the optimization of the dispersive parameters, χ s and ∆. In the present analysis, we assume that the dispersive shift has the usual form χ s ≈ g 2 s /∆. This greatly simplifies the optimization and gives the correct order of magnitude for the SNR and measurement rate. The effect of the corrections to the dispersive shift appearing in Eq. (17) are discussed separately in Sec. IV F.
We assume that the leakage rates are fixed and that the probe power is increased proportionally to n c , i.e., the ratio n /n c 1 is kept constant. This ensures that as many photons as possible are put into the cavity while minimizing the disturbance to the qubit state. Maximizing the SNR given in Eq. (34) then amounts to maximizing the quantity D(x)G(y)/4x
2 . The optimization landscape is depicted in Fig. 4 for both the SNR and the measurement rate. We also indicate contours of constant g s = √ χ s ∆ and n c = ∆/4χ s . As will become clear below, these parameters sometimes provide a more convenient parametrization of the SNR and measurement rate.
As seen in Eqs. (34) as well as in Fig. 4(a) , the optimal SNR occurs for |χ s | κ/2 and |∆| κ √ C, where it takes its maximum value
It follows that the critical photon number (and thus the probe power) must reach a high enough value in order to achieve the optimum, namely, n c √ C/2. This also means that the optimum occurs deep in the dispersive regime, n c 1, when C 1. Even though n c √ C/2 is sufficient to saturate the SNR, further increasing n c can increase the measurement rate r i , as can be seen in Fig. 4(b) . In particular, for a fixed |χ s |/κ 1/2, it is possible to achieve S ≈ S max i with the measurement rate scaling linearly with n c (for fixed n /n c ):
We remark that the scaling of r i with (χ s /κ) 2 n is expected from the fundamental limit set by quantum backaction 49 . It is clear from Fig. 4 that there is a tradeoff between SNR and measurement rate. If a SNR of S i = 9S max i /16 is deemed sufficient, for instance, the dispersive shift need not be smaller than |χ s | = κ/2 √ 3. The measurement rate is then r i ≈ 3R κ i n /16, much larger than Eq. (39) .
There are constraints that put limits on the possible values of χ s and ∆. In particular, the spin-cavity coupling g s = √ χ s ∆ cannot be arbitrarily high for two distinct reasons. Firstly, g s is limited by the bare dipole coupling g c . Secondly, the readout must necessarily operate in a regime where γ/κ 1. Using Eq. (31), we find that this latter constraint limits the coupling to g s κ √ C. These constraints are indicated by the white area in Fig. 4 . The optimal SNR of Eq. (38) can nevertheless be achieved for any fixed value of g s provided that the probe power is high enough, n c (g s /κ) 2 . In the same limit, the measurement rate saturates:
In practice, limits on the probe power might make it impossible to achieve the maximum SNR or measurement rate. For instance, n may become limited by the critical photon number of the other DQD transitions. In such cases, the expressions in Eq. (34) may still be used to optimize readout under the appropriate constraints. However, we note that the present analysis must be modified when the spin-cavity detuning becomes comparable to the cavity frequency, in which case the spin and the cavity can no longer be assumed to be near resonance and γ m (E s ) can no longer be assumed to be frequency independent. This only occurs in the ultrastrong coupling regime, √ n c g s ω c . The analysis must also be modified to account for all terms in the dispersive shift of Eq. (17) when the cavity is simultaneously close to resonance with E s and E + or E − . The effect of these additional terms is discussed in Sec. IV F.
F. Optimization of the double-quantum-dot parameters
As discussed in Sec. IV E, the dispersive parameters χ s and ∆ (and thus g s ) can be chosen to optimize the SNR and measurement rate under experimental constraints. There remains to find the set of tunable DQD parameters that correspond to the chosen values of χ s and ∆.
The optimal magnetic field is determined by requiring that ω c − E s = ∆. In the limit of a weak field-gradient and weak spin-orbit admixture considered here, the spincavity detuning ∆ is typically chosen to be much larger than the correction to E s appearing in Eq. (11) . In that case, the optimal magnetic field is approximately Having thus fixed B z , the optimal values of the DQD energy detuning and of the tunnel coupling t c for the chosen values of χ s and ∆ are determined by requiring that g s is a constant g s ( , t c ) = √ χ s ∆. Using Eqs. (11) and (12) , this leads to the following relationship between and t c :
Here, tan θ = /2t c and
Equation (42) defines contours in the ( , 2t c ) plane as a function of the parameter µ. Two such contours are indicated by the dashed lines in Fig. 5 . Within the approximation χ s ≈ g 2 s /∆, every point on such a contour yields the same SNR and measurement rate, with the SNR (measurement rate) increasing (decreasing) with increasing µ. Thus, the qubit readout can be operated with a similar performance over a wide range of DQD energy detunings provided that the tunnel coupling t c is adjusted to remain on the chosen contour. In particular, such freedom can be used to operate the readout at 'sweet spots' of the qubit energy dispersion, where the coherence time of the qubit is expected to be longer 73, 74 . The true contours of constant SNR and measurement rate are plotted in Fig. 5 using the definitions of the SNR and measurement rate, Eqs. (32) and (33), as well as the full expression for the dispersive shift, Eq (17) . Here, the values of the spin-qubit frequency E s and the spin-cavity coupling g s are calculated from the exact expressions given in Appendix A. Fig. 5 shows that when the cavity frequency ω c becomes close to the transition at frequency E − (e.g., point B), the contours get distorted compared to what is predicted by Eq. (42). This is due to the corrections to the dispersive shift appearing in Eq. (17) . In the absence of these corrections, any reduction in the spin-photon coupling g s leads to a simultaneous reduction of the readout contrast and of the relaxation rate. For fixed n /n c , these two effects compensate each other exactly and the SNR saturates to the value S max i . However, the corrections to the dispersive shift (and thus to the readout contrast) in Eq. (17) occur without a corresponding change in the qubit relaxation rate. This means that the SNR and measurement rate are enhanced on one side of the E − transition and suppressed on the other, depending on the relative arrangement of the cavity and DQD transition frequencies. The enhancement regime was termed the 'straddling regime' in the theory of superconducting qubits 5, 6, 8 . Fig. 5 shows that the straddling regime for the present spin qubit only occurs at large DQD energy detunings , when the DQDcavity couplings g ± become finite.
The regions where our model breaks down are also indicated in Fig. 5 . In particular, the regions where the dispersive assumptions of Sec. III A are no longer valid are indicated (regions 1 and 2). In region 1, the cavity photon number exceeds the critical photon number for . This yields a cooperativity of C ≈ 34. The noise is assumed to be quantum limited,N = 0 and Namp = 1/2, and the number of photons in the cavity is fixed to n = 0.1nc. We fix Bz = ωc + 10κ √ C ≈ 2π × (5.9 GHz) to ensure that the optimal region of Fig. 4 , |∆| κ √ C, is accessible. The contours are then plotted using Eqs. (32) and (33) with ∆ = ωc − Es and χs given by Eq. (17) . Here, the frequencies Ej and the couplings gj are calculated as a function of and tc from the expressions given in Appendix A. The gray-scale areas with numbered circles indicate regions of parameter space where the various assumptions made in the text break down. In region 1 (dark gray), the dispersive approximation breaks down, nc,j < 10 or n /nc,j > 0.1 for all couplings gj in Eq. (10) (except for the spin transition for which n = 0.1nc everywhere). In region 2 (black), the transition terms Vtr discussed in Sec. III A become resonant (see Appendix C for details). In region 3 (white), the relaxation rate γ is larger than κ/5.
DQD transitions other than the spin transition, while in region 2, the transition term V tr causes unwanted DQD transitions via the absorption of two photons (see Appendix C for details). It follows that the backaction of cavity photons on the qubit state is small far from regions 1 and 2. Therefore, the readout is approximately quantum-non-demolition, σ z (t) ≈ σ z (0), far from regions 1 and 2 provided that the qubit does not relax with high probability during the readout time t, γt 1. The region of parameter space where the qubit relaxation rate γ becomes comparable to κ is also plotted (region 3). Far from this region, the probability that the qubit state relaxes during a time κ −1 becomes small, ensuring that readout is possible.
G. Single-shot readout fidelity estimates
To determine the best possible performance of current technologies, we estimate the achievable SNR and measurement rate for the experimental parameters given in Ref. 1 . These parameters are given in the caption of Fig. 5 . The value of the molecular relaxation rate γ m is extracted by fitting the relaxation time measured in Ref. 1 to Eq. (31) . This leads to a cooperativity C ≈ 34 for this device. We assume that the transmitted field is measured through a symmetric cavity, κ = 2κ 1 = 2κ 2 = (0.09 µs) −1 . Moreover, we assume that the amplification and detection processes are quantum limited, i.e, that they add the minimum number of noise photons N amp = 1/2 allowed by quantum mechanics for large amplifier gains 75 . In addition, we take the average number of photons in the cavity at resonance to be n = n c /10 for the spin transition. The theoretical maximum achievable SNR in transmission, Eq. (38) , is then S max 2 ≈ 3.4. According to Eq. (37) , this corresponds to a single-shot readout fidelity F 2 ≈ 82%.
The above fidelity can be achieved within a readout time that is comparable to κ. To illustrate this, we work at zero DQD energy detuning = 0 and tunnel splitting 2t c = 1.5ω c = 2π × (8.7 GHz). This corresponds to point A in Fig. 5 . For these parameters, the SNR is S 2 = 0.97S . Moreover, the measurement rate is r 2 = 0.37κ. According to Eq. (37) , this corresponds to a fidelity F 2 ≈ 82% achievable with optimal readout time t opt 2 ≈ 6.4κ −1 . The above parameters correspond to a relaxation rate γ = 0.11κ, a spin-photon coupling g s = 2π × (3.5 MHz), and a critical photon number n c = 174. To achieve this performance, n ≈ 17 photons must therefore be introduced into the cavity mode.
At point B in Fig. 5 , the tunnel splitting has the same value 2t c = 1.5ω c = 2π × (8.7 GHz) but the DQD energy detuning is now increased to = 1.175ω c = 2π × (6.815 GHz) to enter the straddling regime. Without the presence of an additional transition at frequency E − , this would simply reduce the measurement rate to r 2 = 0.05κ without appreciably increasing the SNR. Because of the straddling effect, however, the SNR increases to twice its theoretical maximum value, S ∈ = 1.97S max 2 , while the measurement rate is twice what it would have been without the straddling effect, r 2 = 0.1κ. According to Eq. (37), this increases the readout fidelity to F 2 ≈ 86% achievable within a readout time t opt 2 ≈ 38κ −1 . The above parameters correspond to a relaxation rate γ = 0.015κ, a spin-photon coupling g s = 2π × (1.3 MHz), and a critical photon number n c = 1690. Thus, a larger number of photons n = 169 must be put into the cavity to achieve optimal performance in the straddling regime. Note that at point B in Fig. 5 , the molecular energy gap Ω ≈ 46 µeV, which can be comparable to the valley splitting observed in silicon qubits. If this is the case, the present analysis must be modified to account for valley physics. We note, however, that the presence of additional valley states is not necessarily detrimental for dispersive readout. Indeed, the coupling to spin-valley transitions to the cavity could potentially contribute constructively to the dispersive shift χ s and thereby enhance the straddling effect discussed here.
These estimates suggest that a high single-shot readout fidelity could be achieved in the near future with the help of quantum limited amplifiers and improvements in cavity impedance to boost the DQD-cavity coupling g c . While the readout is not quantum non-demolition for the values of γt opt i in the examples above, it will become less destructive as the SNR increases (see the discussion at the end of Sec. IV D). It must also be noted that the above estimates are based on a rather conservative value of the ratio n /n c . In practice, it has been observed that the backaction of the cavity photons on a superconducting qubit can remain small for up to n ≈ 4n c 47 . If this is also the case here, the above values of the SNR and measurement rates could be increased by up to a factor of 40, while the measurement rate could be increased well above κ. According to Eq. (37), this would lead to a single-shot readout fidelity of 99% for the parameters of point B. Note, however, that Eq. (37) must be modified to yield quantitative predictions in the regime r i > κ due to detrimental effect of the finite rise time of the readout signal depicted in Fig. 3(b) . Solving Eq. (24) give transients of the form ±(|∆β|/2)[1 − (1 + κt/2)e −κt/2 ] for |χ| κ/2. Using these expressions and the method outlined in Ref. 28 , we have verified that setting n = 4n c leads to F i > 95% for point B. For such high values of n , however, a quantitative study of the probe backaction is required to fully validate the fidelity estimate. Such an analysis goes beyond the scope of this work. Finally, we note that the use of Purcell filters 47, 48, 76, 77 could significantly reduce qubit relaxation rates and thereby lead to even higher readout fidelities.
V. CONCLUSIONS
In conclusion, we have optimized the dispersive readout of a semiconductor spin qubit in a DQD coupled to a microwave cavity via a transverse magnetic field gradient. Importantly, our analysis accounts for intrinsic relaxation of the spin due to electric noise in the semiconductor environment. We have given an expression for the maximum achievable SNR in terms of the cooperativity associated with the Purcell emission and the intrinsic relaxation. We find that for the relaxation processes considered, the cooperativity increases with the coupling g c between the electric dipole and the cavity but is independent of the strength of the transverse magnetic field gradient b x . Moreover, we have described how to choose the experimentally tunable parameters of the DQD to optimize the SNR. Our analysis enables us to identify the regions of parameter space where the backaction of the cavity photons on the qubit state is small. To do this, we systematically study all terms in the dispersive Hamiltonian that induce transitions between the DQD eigenstates and require that they be off-resonant (see Fig. 5 ). In addition, we find that it is possible to operate the readout with a similar performance for a wide range of tunable DQD parameters. Such flexibility is important because it frees up the parameter space for the optimization of other qubit performance metrics. Moreover, we find that transitions that simultaneously change the molecular wavefunction and the spin can be exploited to enhance the SNR by at least a factor of two. This 'straddling' effect occurs only at non-zero energy detuning of the DQD potential well. Finally, we estimate that single-shot readout fidelities in the range 82%-95% should be achievable within a few µs of readout time with current technology.
Our work provides the baseline for benchmarking future improvements, including the use of Purcell filters 47, 48, 76, 77 , the development of techniques to circumvent Purcell emission 52, [78] [79] [80] [81] [82] [83] or phonon emission 84, 85 , and the development of new (meta-)materials for highimpedance cavities [86] [87] [88] [89] . Another important avenue for future research is to incorporate valley physics 90 relevant for, e.g., silicon-based qubits into the present analysis. In particular, it is yet unclear whether the straddling effect discussed here could also benefit from coupling the cavity to valley transitions. A more detailed study of readout backaction in the presence of noise sources relevant to semiconductor qubits is also highly desirable to quantify exactly how strongly the cavity can be driven without disturbing the qubit state. As an interesting avenue for future research, we note that the presence of the Ising-like term ∝ χ 0 τ z σ z in the dispersive interaction, Eq. (15), could potentially be used to perform gate-based dispersive readout of the spin state, thereby negating the requirement for dedicated readout cavities.
In the limit of small field gradient discussed in Sec. II B, Eqs. (A8) and (A11) yield Eqs. (11) and (12), respectively. Moreover, note that the matrix element of the dimensionless position operator ζ between the two spin qubit states is proportional to g s /g c . This means that spin transitions arising from the coupling of electric fields to the electric dipole occur at a rate proportional to (g s /g c ) 2 , as was assumed in Eq. (30) . Finally, we remark that exact expressions for the transformed spin operators may also be obtained.
Appendix B: Full dispersive Hamiltonian double-quantum-dot-cavity Hamiltonian
As derived in Appendix A, the DQD-cavity Hamiltonian expressed in the DQD eigenbasis is
The dispersive Hamiltonian H dis is obtained by diagonalizing the system Hamiltonian to first order in g c . This is achieved with the help of a Schrieffer-Wolff transformation:
Here, the generator S of the transformation is the solution of
Expanding the transformation of Eq. (B2) to second order in S gives
The operators on the right-hand side are expressed in a basis dressed by the cavity. An expression for S is most conveniently obtained with the ansatz
where I = (a + a † )/2 and Q = −i(a − a † )/2 are the quadratures of the cavity field. Substituting Eq. (B5) into Eq. (B3) and solving for Σ I and Σ Q gives 
In Eq. (B7), the dispersive parameters η i and η i are given by Eq. (13) . In the case of the couplings g mp and g sp , it is understood that E mp = 0 and E sp = 0. Using these expressions, the dispersive Hamiltonian takes the form
where
It is straightforward to calculate the coefficients v explicitly. Each of these coefficients is a linear combination of the elements of the dispersive tensors χ j,k = g j η k and χ j,k = g j η k . Although we do not write all the coefficients explicitly here, we note that the interaction Hamiltonian in Eq. (B8) has a part V dis that commutes with H 0 and a part V tr that induces transitions between the eigenstates of H 0 :
The dispersive part of the interaction has the form (up to an irrelevant additive constant)
Here, we have introduced the dispersive shifts 
The expression for χ s corresponds to the one given in Eq. (17) . In the case where the transition term is offresonant with all possible transitions between eigenstates of H 0 , the dispersive Hamiltonian may be projected into the molecular ground state |− to obtain an effective dispersive spin Hamiltonian (up to an irrelevant additive constant):
where ω c = ω c + χ m , E s = E s + χ 0 .
The transformation of Eq. (B2) may be used to transform other system operators in the new basis. Most importantly for dispersive readout, the cavity field transforms as
Projecting Eq. (B15) onto the spin qubit subspace in the limit where the cavity is near-resonant with the spin transition gives Eq. (18).
Appendix C: Neglecting the transition terms
To ensure that the transition term V tr appearing in Eq. (14) is off-resonant, its magnitude should be much smaller than the frequency of the transitions it induces.
For example, one of the terms in V tr has the form 
For a given spin state, the detuning from resonance of an absorbing transition between a state with n photons and n − 2 photons is approximately (accounting for the frequency shifts induced by V dis )
Here, the sign ∓ correspond to the case where the state |± has higher energy than the state |∓ . For n 1, we may set n ≈ n . We then neglect the transitions provided that the amplitude of the induced Rabi oscillations is smaller than ∼ 10 −2 :
We perform a similar procedure for all contributions to V tr . The regions of parameter space where the amplitude of the oscillations become larger than ∼ 10 −2 are indicated by the black area in Fig. 5 (region 2) . For the particular parameters of Fig. 5 , the only process in V tr that can cause transitions within the dispersive limit is the two-photon molecular transition discussed above.
